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a b s t r a c t
A d-simplex is a collection of d + 1 sets such that every d of them have nonempty
intersection and the intersection of all of them is empty. A strong d-simplex is a collection
of d + 2 sets A, A1, . . . , Ad+1 such that {A1, . . . , Ad+1} is a d-simplex, while A contains an
element of ∩j6=i Aj for each i, 1 ≤ i ≤ d+ 1.
Let k ≥ d + 1 ≥ 3 and n > k(d + 1)/d. It was conjectured by Mubayi and Ramadurai
that if F is a collection of k-element subsets of an n-element set that contains no strong d-
simplex, then |F | ≤
(
n−1
k−1
)
with equality only whenF is a star. We prove their conjecture
when k = d+1. This also gives a strengthening of a result of Chvátal on set systemswithout
a simplex.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
Throughout the paper, the set {1, 2, . . . , n} is denoted by [n] and the family of all k-subsets of a finite set X is denoted by(
X
k
)
. A family F of sets is intersecting if every two members in F have nonempty intersection. A star is a family consisting
of all sets that contain a fixed element.
Theorem 1.1 (Erdös–Ko–Rado [4]). Let n ≥ 2k and F ⊆
(
[n]
k
)
be an intersecting family. Then |F | ≤
(
n−1
k−1
)
. If n > 2k, then
the equality holds if and only if F is a star.
The forbidden configuration in Theorem 1.1 comprises two pairwise disjoint sets. A generalization of this structure, with
geometric motivation, is as follows.
Definition 1.2. Fix d ≥ 1. A collection of d + 1 sets A1, A2, . . . , Ad+1 is called a d-dimensional simplex (or d-simplex for
short) if every d of them have nonempty intersection, but A1 ∩ A2 ∩ · · · ∩ Ad+1 = ∅.
Note that a 1-simplex is a pair of disjoint sets, and Theorem 1.1 states that the maximum size of a family of k-subsets of
[n] which contains no 1-simplex is
(
n−1
k−1
)
. In general, Chvátal proposed the following conjecture as a generalization of the
Erdös–Ko–Rado theorem.
Conjecture 1.3 (Chvátal [2]). Let k ≥ d+ 1 ≥ 3 and n ≥ k(d+ 1)/d. If F ⊆
(
[n]
k
)
contains no d-simplex, then |F | ≤
(
n−1
k−1
)
with equality only for a star.
Chvátal [2] proved his conjecture for the case d = k − 1, which we call Chvátal’s simplex theorem. Later, Frankl and
Füredi [5] gave a short proof of Chvátal’s simplex theorem using the weight counting methods.
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Theorem 1.4 (Chvátal [2]). For n ≥ k + 2 ≥ 5, if F ⊆
(
[n]
k
)
contains no (k − 1)-simplex, then |F | ≤
(
n−1
k−1
)
with equality
only for a star.
For large n, Conjecture 1.3 was proved by Frankl and Füredi in [5]. The case d = 2, which had been earlier asked by Erdös
[3], was settled by Mubayi and Verstraëte in [9]. Keevash and Mubayi [7] have also proved Conjecture 1.3 when k/n and
n/2− k are both bounded away from zero.
In order to prove a stability result for Conjecture 1.3, Mubayi and Ramadurai [8] introduced the following more
complicated configuration.
Definition 1.5. Fix d ≥ 1. A collection of d+ 2 sets A, A1, A2, . . . , Ad+1 is called a strong d-simplex if {A1, A2, . . . , Ad+1} is a
d-simplex, and A contains an element of ∩j6=i Aj for each i ∈ [d+ 1].
Note that a strong 1-simplex is a collection of three sets A, B, C such that A ∩ B and B ∩ C are nonempty, and A ∩ C is
empty, which can be also viewed as a path of length three. The following exact result for strong 1-simplex was obtained by
Mubayi and Verstraëte.
Theorem 1.6 (Mubayi and Verstraëte [10]). For n ≥ 2k ≥ 6, if F ⊆
(
[n]
k
)
contains no strong 1-simplex, then |F | ≤
(
n−1
k−1
)
.
If n > 2k, then the equality holds if and only if F is a star.
In the same paper [8], Mubayi and Ramadurai also made the following conjecture, which is a slight strengthening of
Chvátal’s Simplex Conjecture.
Conjecture 1.7 (Mubayi and Ramadurai [8]). Let k ≥ d + 1 ≥ 3 and n > k(d + 1)/d. If F ⊆
(
[n]
k
)
contains no strong
d-simplex, then |F | ≤
(
n−1
k−1
)
with equality only for a star.
Recently, Jiang, Pikhurko and Yilma [6] proved Conjecture 1.7 when k ≥ d + 2 and n is large. For the case k = d + 1,
they showed that there are almost extremal configurations very different from a star. This made the case k = d + 1 very
interesting. And they also proved Conjecture 1.7 for k = 3 and all n.
In this note, we will solve Conjecture 1.7 completely for the case k = d+ 1 and we have
Theorem 1.8. For n ≥ k+ 2 ≥ 5, if F ⊆
(
[n]
k
)
contains no strong (k− 1)-simplex, then |F | ≤
(
n−1
k−1
)
with equality only for
a star.
Note that the cases k = 2 and n = k + 1 are excluded from the above theorem. Here we give the following two
counterexamples. If k = 2, then d = k − 1 = 1. Let n = 4 and F1 =
(
[3]
2
)
. Then F1 contains no strong 1-simplex
and |F1| = 3 =
(
n−1
k−1
)
, but F1 is not a star.
For the case n = k+ 1, let k = 3 and F2 = {{1, 2, 3}, {1, 2, 4}, {1, 3, 4}, {2, 3, 4}}. It’s easy to check that F2 contains no
strong 2-simplex and |F2| = 4 > 3 =
(
n−1
k−1
)
.
2. The proof
In this section, we will give a short proof of Theorem 1.8, employing the weight counting methods of Frankl and Füredi
[5]. First, we need the following notations.
Given a familyF and a set H ⊆ [n], the degree degF (H) of H is the number of members ofF containing H . The h-shadow
of F is defined as
∆h(F ) =
{
H ∈
( [n]
h
)
: ∃F ∈ F ,H ⊆ F
}
.
We begin our proof with the following lemma, which is a special case of a theorem of Bollobás.
Lemma 2.1 (Bollobás [1]). If F ⊆
(
[n]
k
)
and for every F ∈ F there is some H ∈
(
F
k−1
)
with degF (H) = 1, then |F | ≤
(
n−1
k−1
)
with equality only for a star.
Proof of Theorem 1.8. Let n ≥ k + 2 ≥ 5 be fixed. Suppose that F ⊆
(
[n]
k
)
contains no strong (k − 1)-simplex. We are
going to show that |F | ≤
(
n−1
k−1
)
with equality only for a star.
Claim A. Suppose that degF (H) ≥ 2 for some F ∈ F and all H ∈
(
F
k−1
)
. Then degF (H) = 2 for all H ∈
(
F
k−1
)
.
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Suppose that Claim A is not true. Then let {H1,H2, . . . ,Hk} =
(
F
k−1
)
with degF (H1) ≥ 3. Since degF (Hi) ≥ 2, we can
choose xi 6∈ F such that Ai = Hi ∪ {xi} ∈ F for 1 ≤ i ≤ k. If {A1, . . . , Ak} is a (k − 1)-simplex, then {F , A1, . . . , Ak} is a
strong (k − 1)-simplex and we are done, if not then A1 ∩ · · · ∩ Ak 6= ∅. Consequently, x1 = · · · = xk. Using degF (H1) ≥ 3
we can choose an element y 6∈ F such that y 6= xi and A∗1 = H1 ∪ {y} ∈ F . Now {F , A∗1, A2, . . . , Ak} will form a strong
(k− 1)-simplex, a contradiction. Thus Claim A holds.
We now consider the following two cases, depending on n and k.
Case 1. n = 5 with k = 3; n = 6 with k = 3; n = 6 with k = 4.
Here we will only give a proof for the case n = 6 with k = 3. The proof of the other two cases is similar and is left to the
reader. If for every F ∈ F there is someH ∈
(
F
2
)
with degF (H) = 1, then by Lemma 2.1 our result holds. Otherwise there is
a member F = {1, 2, 3} ∈ F such that degF (H) ≥ 2 for every H ∈
(
F
2
)
. By Claim A, degF (H) = 2 for each H ∈
(
F
2
)
. So we
can choose x1, x2, x3 6∈ F such that {1, 2, x3}, {1, 3, x2}, {2, 3, x1} are all in F . Since F contains no strong (k − 1)-simplex,
we have x1 = x2 = x3 = 4. Thus
(
{1,2,3,4}
3
)
⊆ F and every remaining set in F contains at most one element in {1, 2, 3, 4},
which gives that |F | ≤
(
4
3
)
+ 4 = 8 < 10 =
(
n−1
k−1
)
.
Case 2. n ≥ 7 with k = 3, 4; n ≥ k+ 2 with k ≥ 5.
Define a weight function ω :
(
[n]
k−1
)
× F → R+ by
ω(H, F) =
{
1/ degF (H), if H ⊆ F ,
0, otherwise.
We claim that for every F ∈ F ,∑
H⊆F
ω(H, F) ≥ 1+ k− 1
n− k+ 1 (2.1)
with equality only when degF (H) = 1 for some H ∈
(
F
k−1
)
and this degree is n − k + 1 for the remaining k − 1 sets in(
F
k−1
)
.
If degF (G) = 1 for some G ∈
(
F
k−1
)
, then (2.1) follows from the fact that degF (H) ≤ n − k + 1 for every H ∈
(
F
k−1
)
.
Otherwise, by Claim A we have degF (H) = 2 for every H ∈
(
F
k−1
)
. Then it is easy to check that∑
H⊆F
ω(H, F) = k
2
> 1+ k− 1
n− k+ 1
for n ≥ k+ 2 if k ≥ 5 and n ≥ 7 if k = 3, 4. Therefore our claim holds.
Now adding (2.1) for all F ∈ F gives
|F | n
n− k+ 1 ≤
∑
F∈F
∑
H⊆F
ω(H, F) = |∆k−1(F )| ≤
(
n
k− 1
)
,
which implies that |F | ≤
(
n−1
k−1
)
. By Lemma 2.1 and our observation, the equality holds only for a star. This completes the
proof of the theorem. 
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